By means of density-functional calculations, we systematically investigated 24 transition metals for possible metastable phases in body-centered tetragonal structure (bct), including face-centered cubic (fcc) and body-centered cubic (bcc) geometries. A total of 36 structures not coinciding with equilibrium phases were found to minimize the total energy for the bct degrees of freedom. Among these, the fcc structures of Sc, Ti, Co, Y, Zr, Tc, Ru, Hf, Re, and Os, and bct Zr with c/a = 0.82 were found to be metastable according to their computed phonon spectra. Eight of these predicted phases are not known from the respective pressure-temperature phase diagrams. Possible ways to stabilize the predicted metastable phases are illustrated.
I. INTRODUCTION
A metastable configuration of an element, alloy, or compound possesses different, perhaps superior, properties than its stable counterpart. The most spectacular demonstration of such behavior is probably embodied in carbon whose mechanical, thermal, and optical properties vary greatly with the allotropic form [1] .
The pressure-temperature phase diagrams of metallic elements, including the technologically important transition metals, are also rich in structural modifications [2, 3] . The properties of these high-pressure or high-temperature bulk phases can, however, not be exploited under equilibrium conditions because the reverse phase transition takes place upon unloading or cooling. Surprisingly, the transition from a high-temperature phase to a low-temperature phase can be suppressed in nanometer-sized materials if the particle size or grain size is smaller than a specific critical value [4] [5] [6] . An intriguing example are tens of nanometers large Co nanoparticles stabilized in the fcc phase at ambient conditions while bulk Co crystallizes in hexagonal close-packed (hcp) structure [4, 7] . Besides cooling, other preparation routes like high-pressure torsion, milling, epitaxial growth, chemical reduction, and microwave irradiation have been proven fruitful to stabilize pure metals in non-equilibrium crystalline phases of their phase diagram (e.g., fcc Fe nanoparticles [8] [9] [10] , fcc Co films [11] ) or to reveal unique crystalline phases, i.e., phases not * stesch@kth.se † xiaoqli@kth.se known from their pressure-temperature phase diagram (e.g., nanoparticles of fcc Ru [12] , fcc Zr [13] , tetragonal Ag [14] , fcc Hf [15] , and bcc Co films [16] ). The common interest that drives current research on such nanostructured materials is related to their potentially shape-or size-enhanced mechanical, magnetic, optical, electronic, or catalytic properties [17] . Up to a scale of tens of nanometers, the phase stability of nano-particles is to a large extend dictated by thermodynamic surface properties, in particular by the surface energy [4, 18, 19] . The dependence of phase stability on particle-size was demonstrated for fcc Co [4, 7] , but recently theory even predicted that bulk fcc Co is dynamically stable at 0 K and, consequently, corresponds to a metastable bulk phase of Co [20] . Fcc La was found to be metastable down to very low temperatures in crystals large enough to permit the experimental determination of its phonon dispersion relations [21] , which were later confirmed by theory [22] . These examples suggests a connection between non-equilibrium crystal structures observable in nanostructures and a potential isostructural metastable bulk phase.
Here, we present the results of a systematic investigation on 24 transition metal elements, that we screened for possible metastable phases by density-functional calculations. We chose to consider the bct structure space which includes fcc and bcc structures, common to many transition metals, as special cases of higher symmetry. The findings of this work may encourage experimentalists to prepare metastable phases of the considered elements, e.g., as thick epitaxial films or as small particles.
The paper is structured as follows: Sec. II elaborates on our methodological and computational approaches. In particular, we briefly describe the concept of the epitax-ial Bain path (EBP) [23, 24] , which we use to indentify possible metastable structures. Criteria for elastic and dynamical stability are briefly reviewed for the sake of a self-contained presentation. Results of the computations are presented in Sec. III and discussed in Sec. IV, which is followed by a short summary.
II. METHODOLOGY
A. Tetragonal minima on the epitaxial Bain path
The bct structure with lattice parameters a and c coincides with the bcc (fcc) structure if c/a = 1 (c/a = √ 2). This allows to construct homogeneous lattice transformations, referred to as Bain transformations, in the space of bct structures passing through the fcc and bcc high symmetry points [25, 26] . In general, infinitely many Bain transformations can be distinguished embodied in the freedom to define the functional relationship between c and a. The corresponding path traversing the space spanned by a and c is referred to as Bain path.
The EBP is one possible realization of a Bain path, the principles of which were discussed by Alippi et al. [23] and Marcus et al. [24] . The EBP assumes those bct structures for which the lattice parameter c min is relaxed for every lattice parameter a. Hence, the EBP c min (a) is defined by the minimization of the total energy E(a, c) at fixed a [27, 28] ,
For the total energy along the EBP we define E EBP (a) def = E(a, c min (a)). The EBP conditions, i.e., structural relaxation in the out-of plane direction parallel to c and an isotropic distortion of the quadratic basal plane along the in-plane directions, describe the situation met in coherently grown bct films on substrates with four-fold surface symmetry. More specifically, the EBP models the interior of the film (i.e., the bulk part) neglecting surface and interface effects except the determination of a by coherency with the substrate. For the present purpose, the EBP is a merely technical tool, as a substrate is not necessarily needed to stabilize a phase. One can imagine to grow the predicted metastable phases by epitaxy, though.
The first important symmetry-dictated demand on the total energy along the EBP arises from the fact that E(a, c) is stationary at points of cubic symmetry [24, 29, 30] . Thus, provided that the two points of cubic symmetry belong to the EBP, E EBP (a) is not only extremal at these two points but there is at least one additional extremal point with noncubic (bct) symmetry [24, 26] . In some cases, one of the cubic points does not belong to the EBP but E EBP (a) assumes a maximum close to this point [28] . In the absence of spin-orbit coupling, the symmetry property also holds for ferromagnetically ordered states since the magnetization density preserves the full symmetry of the lattice. Second, the EBP is a Bain path that passes through global or local minima of the energy E(a, c) by virtue of its definition [Eq. (1)]. The minima of E(a, c) are the minima of the EBP and referred to as tetragonal minima [24] . These minima possess vanishing normal stresses σ ii ∝ ∂E/∂ǫ ii , where σ ii and ǫ ii , i = {1, 2, 3}, are the normal components of the stress tensor and the strain tensor, respectively. Although these special unstressed bct states are minima of E(a, c) they are not necessarily stable. We consider bct states as stable phases, if E EBP (a) assumes a global minimum and the phase is known to be the experimental ground state (e.g., bcc vanadium or fcc palladium). Metastable phases are characterized by E EBP (a) at a local minimum and stability against arbitrary small homogeneous lattice distortions and lattice vibrations. Unstable bct states are local minima of E EBP (a) which are stable only against homogeneous distortions preserving the bct symmetry.
The present task is to identify those bct minima of E EBP (a) which do not coincide with an equilibrium phase and to characterize their vibrational properties. The conditions for dynamical and elastic stability are discussed in the next section.
B. Dynamical and elastic stability of tetragonal minima
The criterion for dynamical lattice stability (DS) in the harmonic approximation and at zero external load reads [31] 
where ν denotes the frequency, q the wave vector, and the index s the polarization and branch of the phonon modes. A lattice instability associated with an unstable acoustic long-wavelength phonon mode is called elastic instability. In this case, the lattice instability is often related to negative values of an elastic constant (or combinations thereof), see Table I for different high-symmetry branches in the bct structure.
There are six independent elastic constants for the bct structure, c 11 , c 12 , c 33 , c 13 , c 44 , and c 66 , while cubic systems possess three, c 11 (= c 33 ), c 12 (= c 13 ), and c 44 (= c 66 ) [32] . Elastic stability in the absence of external forces is defined by a positive definite total energy for any small homogeneous deformation, which implies restrictions on the elastic constants expressed by the Born stability criteria (SCs) [31, 33] . The four SCs in systems with bct symmetry are
which reduce to three SCs in the case of cubic symmetry,
Elastic stability requires the fulfillment of all SCs. Note that the elastic constants of the fcc structure are given with respect to the cubic axes, which are related to the elastic constants in the bct axes by a coordinate transformation, see Appendix A. The same coordinate transformation (Appendix A) needs to be applied to obtain relations between the elastic constants and sound waves in the fcc axes. The bulk modulus (B) of cubic structures is related to the elastic constants by B = (c 11 +2c 12 )/3, implying that SC (4c) is always fulfilled for cubic minima of the EBP. In the actual calculations for tetragonal minima (Sec. III), we find that an elastic instability never occurred due to violation of SC (3d). As pointed out by Marcus et al., the left hand side of SC (3d) is related to the (positive) curvature of E EBP at tetragonal minima [24] .
C. Total-energy and elastic-property calculations
High-precision density-functional theory calculations were carried out with the full-potential local-orbital scheme FPLO-7.00-28 [34] . Using the local-density approximation according to Ref. 35 (PW92) and a scalarrelativistic mode for elements with atomic number < 49, a full-relativistic mode otherwise, we scanned the EBPs of 24 elements with the atomic numbers 21-23, 27-30, 39-47, 72-79, in a wide range of parameters a [36] . We omitted the elements Cr and Mn, which are antiferromagnetic with a complicated ground state structure, and Fe, which bcc ground state is known to be not obtained in PW92. Fe is, however, known to be elastically unstable at the bct local minimum of its EBP, see below.
The convergence of numerical parameters and the basis set were carefully checked [36] . In order to converge the total energy per atom at a level smaller than 0.3 meV, linear-tetrahedron integrations with Blöchl corrections were performed on a 24 × 24 × 24 mesh in the full Brillouin zone, apart from the elements Cu, Ru, Ir, and Pt, for which a denser 48 × 48 × 48 mesh was required. To account for the possibility of ferromagnetic order in the evaluation of the EBP, total energy minimization was done with respect to both c and the magnetic moment. The bct states of the EBP were modeled by the space group I4/mmm. All reported energies and moments are given per atom.
The six elastic constants of bct states were derived from fitting a square polynomial to computed total energy changes for small strain deformations applied to the bct reference cell (tetragonal axes) following Ref. 37 . The elastic constants c 11 , c 12 , and c 13 were modeled by space group I/mmm, c 33 by space group I4/mmm, c 44 by space group C2/m, and c 66 by space group F/mmm. The largest imposed moduli of the strains were 0.5 % (c 11 , c 12 , c 33 , c 13 , and c 66 ) and 0.75
• (c 44 ). All elastic constants were found to be stable within 5 % change against a doubling of the strain interval. The doubling of the strain interval did not affect the conclusion on elastic stability.
All here reported elastic constants of the fcc structure and of the bct (bcc) structure are given with respect to the cubic axes and with respect to the bct (bcc) axes, respectively. We verified numerically that deformations applied to both coordinate systems yield virtually identical elastic constants for all investigated fcc structures.
D. Phonon calculations
The force-constant matrix was obtained within the framework of density-functional perturbation theory [38] as implemented in the Vienna ab initio simulation package [39] based on the in the projector-augmented wave formalism [40, 41] . The software "Phonopy" [42] was employed to determine the phonon dispersion relation from the force-constant matrix and the phonon density of states (DOS) by linear-tetrahedron integration.
Convergence of all numerical parameters was carefully checked. We used a plane wave cut-off of 400 eV for the elements Sc and Y, and a larger cut-off (500 eV) otherwise. Brillouin zone integrations were performed on a k-point mesh equivalent to a 36×36×36 Monkhorst-Pack mesh of the primitive unit cell smeared by a first order Methfessel-Paxton scheme [43] with small smearing parameter (0.1 eV). The lattice parameters of the bct states (cubic states) in question were relaxed until the residual stress along the tetragonal axes (cubic axes) was smaller than ∼ 3 bar prior to computing the force-constant matrix. The phonon properties were sampled on a 4 × 4 × 4 Γ-centered mesh and convergence was checked against a denser 6 × 6 × 6 q-mesh. In the singular case of bct Zr, the computation of the phonon properties required the denser q-mesh.
To verify the accuracy of our approach, we first reproduced the experimental phonon dispersion curves and DOSs for fcc Au and bcc Fe for which reliable experimental data are available (results not shown) [44] .
TABLE II. Stability analysis of minima on the EBP for hcp stable elements (first column, sorted by atomic number). The next four columns classify the symmetry (sym) of the minimum (C is cubic, N is noncubic), if ferromagnetic (fm) order is present, the lattice parameter (a), the lattice parameter ratio (c/a), and the energy difference with respect to the ground state (∆E). Columns 6 -8 and columns 9 -10 give the signs of the right hand side of the tetragonal SCs (3a) -(3c) and the cubic SCs (4a) and (4b), respectively. SC (3d) or (4c) 
III. RESULTS
Elements with stable hcp ground state structure and elements with stable cubic ground state structure are discussed separately in the following to appropriately reflect the similarities found in the structure of their EBPs and in their stability behaviors. The elastic constants and SCs for the determined cubic and tetragonal minima of the EBP were investigated in all cases, but dynamical stability was analyzed only for elastically stable structures.
A. Elements with stable hcp structure
The analysis of the EBPs for eleven investigated elements with hexagonal ground state revealed that all but one possess two minima on the EBP, see Table II . The notable exception is Zr, which possesses one additional minimum [45] . Common to all investigated elements except Zr is that the fcc structure (c/a = √ 2) coincides with the global minimum of E EBP (a) and that the second, bct minimum has c/a < 1. It follows from the general arguments provided in Sec. II A that bcc is a saddle point of the total energy E(a, c). In the case of Zr, the bct minimum with c/a = 0.82 is marginally more stable than the fcc structure and the bcc structure coincides with the third minimum of E EBP (a), Table II .
Both the hcp phase and the fcc phase (stable above 696 K) of Co are known to order ferromagnetically which is also the magnetic ground state reproduced by the present calculations. We find that the bct minimum of Co exhibits ferromagnetic order with a spin magnetic moment equal to 1.63 µ B , which is slightly larger than the calculated spin magnetic moments for hcp Co (1. [47] . The pronounced insensitivity of the magnetic moment of Co on details of the structure expresses its strong ferromagnetic character. Bulk hcp Ru does not order magnetically, but the bct minimum of Ru is ferromagnetic as shown by some of us recently [27] .
The computed elastic constants allow the examination of the elastic SCs for all identified minima, see Table II . We find that the fcc structures of all investigated elements except Zn and bcc Zr are elastically stable, while most bct minima are unstable except those of the fourth group elements, bct Ti (c/a = 0.86), bct Zr (c/a = 0.82), and bct Hf (c/a = 0.85). The elastic stability of the fcc structures of Sc, Ti, Co, Y, Zr, Tc, Ru, Hf, Re, and Os [45, [48] [49] [50] [51] [52] [53] , the elastic stability of bct Zr [45] as well as the elastic instability of bct Co, fcc and bct Zn [24] was reported previously in accordance with the findings of the present work. There is, however, a discrepancy on the elastic stability of bcc Zr and bct Ti. Bcc Zr was was found to be stable in Ref. [45] and in this work and was reported to be unstable in Refs. [54, 55] . The point at issue is related to the long-wavelength part of the transverse phonon branch along [ξξ0] polarized along [110] , T [110] [ξξ0], i.e., the sign of the shear constant C ′ ≡ (c 11 − c 12 )/2 (Table I ). An important difference in the two sets of results is that the former two works were obtained using the local-density approximation to exchange and correlation while the latter two employed a gradient-corrected functional (PBE96) [56] . We computed C ′ of bcc Zr choosing PBE96 and indeed obtained a negative value. Bct Ti is a similar case as Marcus et al. [24] reported C ′ < 0 using PBE96, which we were able to reproduce, but PW92 gives C ′ > 0. Thus, elastic stability of bcc Zr and bct Ti depends on the chosen exchange-correlation functional. All three unclear cases turn out to be dynamically unstable. Thus, the undecided elastic instability does not pose any practical issue.
Elastic stability is a necessary, but not a sufficient criterion for structural (meta)stability of a phase. The phonon dispersion curves and derived phonon DOS allow to investigate dynamical stability as a sufficient criterion.
Both phononic properties are plotted in Fig. 1 for the ten elastically stable fcc structures revealing that all structures (Sc, Ti, Co, Y, Zr, Tc, Ru, Hf, Re, and Os) are in fact dynamically stable. We note that dynamical stability of fcc Co and fcc Re at 0 K was reported in previous studies of their lattice dynamical properties [20, 57] .
Among the four elastically stable structures bct Ti, Zr, Hf, and bcc Zr, only bct Zr is found to be dynamically stable, see Fig. 2 for the corresponding phonon dispersion curves and DOSs. Bcc Zr has imaginary phonon frequencies around the N point. Bct Ti and Hf exhibit imaginary phonon frequencies around the X and N points. These two zone-boundary phonons are softened in bct Zr which may indicate marginal stability of this phase.
The elastic parameters and Debye temperatures of all metastable fcc phases (Sc, Ti, Co, Y, Zr, Tc, Ru, Hf, Re, and Os) and bct Zr are tabulated for completeness in Appendix B. The knowledge of elastic constants is essential, e.g., for predicting the phase stability of fine particles, and is required as input for higher order linear-elasticity continuum approaches and phase-field simulations [4, 58] .
B. Elements with stable cubic structure
Focusing first on the investigated elements with stable fcc phase, we find that all EBPs possess two minima in total energy. The global minimum coincides with the fcc structure and the second minimum is bct with c/a < 1, see Table III . We note that the c/a ratio of the second minimum increases as the transition metal series are traversed from left (low d-band occupation) to right (high d-band occupation). Ferromagnetic order is present for the bct state of Ni with a spin magnetic moment equal to 0.55 µ B which is only slightly larger than the experimental spin magnetic moment of fcc Ni, 0.52 µ B [47] .
All bct minima are found to be elastically unstable with respect to the same orthorhombic deformation of the bct cell caused by a violation of SC (3c), see Table III , corresponding to an unstable mode T [110] [ξξ0] (Table I) . This elastic instability was reported previously for all investigated elements except Ni and Pt [37, 59, 60] . The investigated elements with stable bcc phase show two common features of their EBPs, a global total energy minimum at the bcc structure and a second minimum with c/a > √ 2, see Table IV . In contrast to the fcc stable elements, the c/a ratio of the second minimum decreases as the transition metal series are traversed from left to right (with increasing d-band occupation). All bct minima are elastically unstable due to a negative c 66 [violation of SC (3a)]. A negative c 66 corresponds to an unstable long-wavelength part of the transverse phonon mode T [100] [0ξ0]. Apart from Ta, this elastic instability was reported before [24, 60] . To complete the picture of the bcc transition metals, we note that Fe was predicted to order antiferromagnetically and to be unstable due to c 66 < 0 at the bct local minimum of its EBP [61] .
The lattice instability related to c 66 < 0 corresponds to a monoclinic lattice distortion of the bct unit cell. The highest symmetry of the distorted lattice is, however, face-centered orthorhombic. The orthorhombic axes are related to the bct reference frame through a rotation around [001] by π/4. In the rotated, orthorhombic frame (primed notation), c 66 equals (c 
IV. DISCUSSION
The results of the previous section indicate clear similarities among the transition metals elements crystallizing either in the hcp structure or in a cubic (fcc, bcc) structure. The EBPs of all investigated elements but Zr possess two tetragonal minima each irrespective of their ground state phase. Apart from Zr, only the 5f -element uranium is known to exhibit more than two minima on the EBP [27] . This corroborates the earlier finding that an EBP with two minima is indeed the standard case for most metallic elements [24] .
Considering the general structure of their EBPs, all elements with stable hcp phase, except Zr, and all elements with stable fcc phase show two common characteristics: (i) their standard EBPs exhibit the global energy minimum at the fcc structure and (ii) the local minimum is bct with c/a < 1. On the other hand, the local bct minimum of bcc stable elements has an axial ratio c/a > √ 2, while the global minimum coincides with the bcc phase. These findings imply that none of the investigated elements with standard EBP has both minima at cubic structures. It is worth noting that there exist exceptions to this rule in the alkali and alkaline metal series [24] .
The metastable fcc structures of the investigated hcp elements lie very close in energy to the respective ground states, see Table II . Much higher energies are found for the related bct minima of the EBP or for the bcc structures, with Zr and Zn as the only exceptions. This behavior is universal for all non-magnetic transition metals with d-band occupations ≈ 1.5 -2.5 electrons (Sc and Ti groups) or ≈ 5.5 -6.5 electrons (Tc, Re, and Ru, Os) [62] as well as for Co which has an hcp ground state due to magnetism [63] . The low energy of the metastable fcc structures can be simply understood from the same packing density of fcc and hcp. It is certainly advantageous for the preparation of thick epitaxial films.
None of the minima with bct symmetry except bct Zr with c/a = 0.82 was found to be dynamically stable, i.e., these bct minima do not correspond to metastable bct bulk phases. In most cases, structural instability is already signaled by a single negative elastic constant or a violated stability condition composed of a combination of elastic constants. All elastic instabilities at bct minima of the investigated hcp and fcc stable elements arises in all cases due to a negative shear elastic constant C ′ , while elastic instability of the bct minima of all investigated bcc stable elements consistently occurs due to a negative c 66 . Both instabilities embody a shear of the quadratic basal plane [(001) plane] of the bct structure. Although our findings show that these bct structures are unstable in bulk form, an appropriate external constraint may impede the shear deformation related to the instability from happening, at least on a nanometer length scale. A possible realization of such a constraint is a substrate with four-fold rotation symmetry on which the bct structure is coherently grown assuming the epitaxial relationship substrate (001) film (001). Examples of coherent heteroepitaxial growth of metallic overlayers in bct structures are given in Table V. The predictions on metastability for Sc, Ti, Co, Y, Zr, Tc, Ru, Hf, Re, and Os made in this work call for experimental verification. In the following we briefly address possible preparation routes. Under the circumstance that there exists a high-temperature fcc (or, bct) phase, appropriately cooling this phase may impede the allotropic structural transition to the stable hcp phase, and the fcc (or, bct) structure may coexist as metastable form at ambient temperatures as realized for example for fcc La [21] . With the exceptions of fcc Co and Y, [74] an fcc (or, bct) phase is, however, not observed in the pressure-temperature phase diagrams of the investigated elements [2, 3] . Of the two, only fcc Co is stable at high temperatures, while fcc Y was stabilized under high pressure. A combination of pressure and shear stress has proven to induce a phase transition and to stabilize nonequilibrium phases at ambient conditions, e.g., for bcc Zr [75] . As a similar route to metastability, materials can undergo a phase transition during indentation [76] . Possible other approaches to stabilize metastable structures involve epitaxial growth or the fabrication of nanoparti- cles. As pointed out in Sec. I, the fcc structures of Zr, Co, Fe, and recently Ru and Hf were already discovered in synthesized nanometer-sized particles or films at ambient conditions. This experimental evidence supports the present finding on the metastability of a corresponding isostructural bulk phase.
V. SUMMARY
We screened, by means of density-functional calculations, the bct epitaxial Bain paths of 24 metallic elements and found 11 metastable phases, see Table VI . Elastic stability of these phases had been predicted in earlier publications, but dynamical stability had previously been verified for only two of these phases. On the experimental side, six phases are either known from the pressure-temperature phase diagram or were stabilized in nanoscale particles or films. Experimental evidence is still lacking for five of the predicted phases: fcc Sc, Tc, Re, Os, and bct Zr.
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Appendix A: Elastic constants of the fcc structure
The elastic constants of the fcc structure given with respect to the cubic axes are related to the elastic constants in the bct axes through a rotation around the tetragonal axis ([001]) by π/4. The components of the elasticity tensor with respect to the bct axes are denoted by c ijkl and with respect to the cubic axes by c ′ ijkl . Both are related through tensor transformations rules [81] (Einstein summation convention), The elastic parameters of the metastable fcc phases (see Table II in Sec. III A) are listed in Table VII. The corresponding Debye temperatures, derived on the one hand from the elastic constants (θ e D ) and on the other hand from a fit of a harmonic function to the lowfrequency part of the phonon DOS (θ p D ), are also tabulated. For the computation of θ e D , we closely followed the formalism and procedure elaborated in Ref. [83] . In order to obtain θ p D , the DOS was fitted from 0 to 1/7 of the maximum phonon frequencies in the cases of Ti, Y, Zr, and Hf, and from 0 to 1/4 of the maximum phonon frequencies in all other cases. The two choices for the cut-off ensured a fit to a Debye-like behavior (∝ ν 2 ) of the low-frequency part of the DOS.
The elastic parameters of metastable bct Zr (see Ta 
